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1. Introduction
Symplectic manifolds carry several interesting mathematical structures of differ-
ent flavors, coming from algebra, geometry, topology, dynamics and analysis.
In this survey we discuss certain “almost homomorphisms” (called Calabi quasi-
morphisms) on groups of symplectomorphisms of symplectic manifolds and certain
“almost linear” functionals (called symplectic quasi-states) on the spaces of smooth
functions on symplectic manifolds that have been useful in finding new relations
between these structures. In particular, we describe applications of these new
tools to Hamiltonian dynamics, functional-theoretic properties of Poisson brackets
as well as algebraic and metric properties of the groups of symplectomorphisms.
We also briefly discuss a relation between the symplectic quasi-states and von Neu-
mann’s mathematical foundations of quantum mechanics. We end the survey with
a discussion on the function theory approach to symplectic topology.
A detailed introduction to the subject can be found in the forthcoming book
[58] by L.Polterovich and D.Rosen.
Acknowledgements. Most of the material presented below is based on our joint
papers with Leonid Polterovich – I express my deep gratitude to Leonid for the
long and enjoyable collaboration. Some of the results were obtained jointly with
Paul Biran, Lev Buhovsky, Frol Zapolsky, Pierre Py and Daniel Rosen - I thank
them all.
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2. Quasi-morphisms and quasi-states - generalities
2.1. Quasi-morphisms. Let G be a group. A function µ : G→ R is called a
quasi-morphism, if there exists a constant C > 0 so that |µ(xy)−µ(x)−µ(y)| ≤ C
for any x, y ∈ G. We say that a quasi-morphism µ : G → R is homogeneous1, if
µ(xk) = kµ(x) for any x ∈ G, k ∈ Z.
Clearly, any R-valued homomorphism on G is a homogeneous quasi-morphism
but finding homogeneous quasi-morphisms that are not homomorphisms is usually
a non-trivial task. Let us also note that any homogeneous quasi-morphism µ is
conjugacy-invariant and satisfies µ(xy) = µ(x)+µ(y) for any commuting elements
x, y (in particular, any homogeneous quasi-morphism on an abelian group is a
homomorphism). For more on quasi-morphisms see e.g. [16].
2.2. Quasi-states and quantum mechanics. Roughly speaking, qua-
si-states are “almost linear” functionals on algebras of a certain kind. The term
“quasi-state” comes from the work of Aarnes (see [1] and the references to the
Aarnes’ previous work therein) but its history goes back to the mathematical
model of quantum mechanics suggested by von Neumann [72]. A basic object
of this model is a real Lie algebra of observables that will be denoted by Aq (q
for quantum): its elements (in the simplest version of the theory) are Hermitian
operators on a finite-dimensional complex Hilbert space H and the Lie bracket is
given by [A,B]~ =
i
~
(AB − BA), where ~ is the Planck constant. Observables
represent physical quantities such as energy, position, momentum etc. In von
Neumann’s model a state of a quantum system is given by a functional ζ : Aq → R
which satisfies the following axioms:
Additivity: ζ(A+B) = ζ(A) + ζ(B) for all A,B ∈ Aq.
Homogeneity: ζ(cA) = cζ(A) for all c ∈ R and A ∈ Aq.
Positivity: ζ(A) ≥ 0 provided A ≥ 0.
Normalization: ζ(Id) = 1.
As a consequence of these axioms von Neumann proved that for every state
ζ there exists a non-negative Hermitian operator Uζ with trace 1 so that ζ(A) =
tr(UζA) for all A ∈ Aq. An easy consequence of this formula is that for every state
ζ there exists an observable A such that
ζ(A2)− (ζ(A))2 > 0 . (1)
In his book [72] von Neumann adopted a statistical interpretation of quantum me-
chanics according to which the value ζ(A) is considered as the expectation of a
physical quantity represented by A in the state ζ. In this interpretation the equa-
tion (1) says that there are no dispersion-free states. This result led von Neumann
to a conclusion which can be roughly described as the impossibility to present
random quantum-mechanical phenomena as an observable part of some “hidden”
1Sometimes homogeneous quasi-morphisms are also called pseudo-characters – see e.g. [66].
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underlying deterministic mechanism. This conclusion caused a major discussion
among physicists (see e.g. [6]) some of whom disagreed with the additivity axiom
of a quantum state. Their reasoning was that the formula ζ(A+B) = ζ(A)+ ζ(B)
makes sense a priori only if observables A and B are simultaneously measurable,
that is, commute: [A,B]~ = 0.
In 1957 Gleason [36] proved his famous theorem which can be viewed as an
additional argument in favor of von Neumann’s additivity axiom. Recall that two
Hermitian operators on a finite-dimensional Hilbert space commute if and only if
they can be written as polynomials of the same Hermitian operator. Let us define
a quasi-state on Aq as an R-valued functional which satisfies the homogeneity,
positivity and normalization axioms above, while the additivity axiom is replaced
by one of the two equivalent axioms:
Quasi-additivity-I: ζ(A + B) = ζ(A) + ζ(B), provided A and B commute:
[A,B]~ = 0;
Quasi-additivity-II: ζ(A + B) = ζ(A) + ζ(B), provided A and B belong to a
singly generated subalgebra of Aq.
According to the Gleason theorem, every quasi-state ζ on Aq is linear, that is,
a state, provided the complex dimension of the Hilbert space H is at least 3 (it
is an easy exercise to show that in the two-dimensional case there are plenty of
non-linear quasi-states).
Let us turn now to the mathematical model of classical mechanics. Here the
algebra Ac of observables (c for classical) is the space C∞(M) of smooth functions
on a symplectic manifold M . The space C∞(M) carries two structures. On one
hand, it is a Lie algebra with respect to the Poisson bracket (see Section 3.1). On
the other hand, it is a dense subset (in the uniform norm) of the commutative
Banach algebra C(M) of continuous functions on M . For both frameworks one
can define its own version of the notion of a quasi-state adapting, respectively, the
first or the second definition of quasi-additivity – as a result one gets the so-called
Lie quasi-states and topological quasi-states (see Section 2.3).
Symplectic quasi-states that appear in symplectic topology and will be discussed
below in Section 3 belong to both of these worlds – they are simultaneously Lie and
topological quasi-states2. Note that for the Lie algebra C∞(M) the first definition
of quasi-additivity fits in with the physical Correspondence Principle according to
which the bracket [ , ]~ corresponds to the Poisson bracket { , } in the classical
limit ~ → 0. The existence of non-linear symplectic quasi-states on certain sym-
plectic manifolds (see Section 3) can be viewed as an “anti-Gleason phenomenon”
in classical mechanics. Interestingly, at least for M = S2, the symplectic quasi-
state that we construct is dispersion-free (see Example 3.3), unlike states in von
Neumann’s model of quantum mechanics. For more information on the connection
of symplectic quasi-states to physics see [29] and Remark 4.21 below.
2.3. Lie and topological quasi-states. Here is the precise definition of
a Lie quasi-state. Let g be a (possibly infinite-dimensional) Lie algebra over R and
2Interestingly, symplectic quasi-states had appeared in an infinite-dimensional setting in sym-
plectic topology before Lie quasi-states were properly studied in the finite-dimensional setting.
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let W ⊂ g be a vector subspace. A function ζ :W → R is called a Lie quasi-state,
if it is linear on every abelian subalgebra of g contained in W .
Finding non-linear Lie quasi-states is, in general, a non-trivial task: for in-
stance, the difficult Gleason theorem mentioned above is essentially equivalent –
in the finite-dimensional setting – to the claim that any Lie quasi-state on the
unitary Lie algebra u(n), n ≥ 3, which is bounded on a neighborhood of zero, has
to be linear [24]. Choosing an appropriate regularity class of Lie quasi-states is
essential for this kind of results: if g is finite-dimensional, then any Lie quasi-state
on g which is differentiable at 0 is automatically linear while the space of all, not
necessarily continuous, Lie quasi-states on g might be infinite-dimensional [24].
Another source of interest to Lie quasi-states lies in their connection to quasi-
morphisms on Lie groups: if g is the Lie algebra of a Lie group G and µ : G→ R
is a homogeneous quasi-morphism continuous on 1-parametric subgroups, then the
derivative of µ, that is, the composition of µ with the exponential map, is a Lie
quasi-state on g, invariant under the adjoint action of G on g. Symplectic quasi-
states that we will discuss below appear as a particular case of this construction.
Unfortunately, rather little is known about non-linear (continuous) Lie quasi-
states and their connections to quasi-morphisms in general – almost all known facts
(in particular, a non-trivial description of the space of all non-linear continuous Lie
quasi-states on sp (2n,R), n ≥ 3) and some basic open questions on the subject
can be found in [24].
Let us now define the notion of a topological quasi-state – it is due to Aarnes
[1] (who called it just a “quasi-state”). Let X be a compact Hausdorff topological
space and let C(X) be the space of continuous functions on X equipped with the
uniform norm. For a function F ∈ C(X) denote by AF the closure in C(X) of
the set of functions of the form p ◦ F , where p is a real polynomial. A functional
ζ : C(X) → R is called a topological quasi-state [1], if it satisfies the following
axioms:
Quasi-linearity: ζ is linear on AF for every F ∈ C(X) (in particular, ζ is homo-
geneous).
Monotonicity: ζ(F ) ≤ ζ(G) for F ≤ G.
Normalization: ζ(1) = 1.
A linear topological quasi-state is called a state (similarly to states in von
Neumann’s model of quantum mechanics – see Section 2.2). The existence of
non-linear topological quasi-states was first proved by Aarnes [1].
By the classical Riesz representation theorem, states on C(X) are in one-to-
one correspondence with regular Borel probability measures on X . In [1] Aarnes
proved a generalized Riesz representation theorem that associates to each topo-
logical quasi-state ζ a quasi-measure3 τ on X which is defined only on sets that
are either open or closed and is finitely additive but not necessarily sub-additive.
The relation between ζ and τ extends the relation between states and measures
given by the Riesz representation theorem. In particular, if A is closed, τ(A) can
3Quasi-measures are sometimes also called topological measures.
Quasi-morphisms and quasi-states in symplectic topology 5
be thought of as the “value” of ζ on the (discontinuous) characteristic function of
A.
3. Calabi quasi-morphisms, symplectic quasi-states
3.1. Symplectic preliminaries. Referring the reader to [47] for the foun-
dations of symplectic geometry we briefly recall the basic notions needed for the
further discussion.
Let M2n be a closed connected manifold equipped with a symplectic form ω,
that is, a closed and non-degenerate differential 2-form. In terms of classical me-
chanics, M can be viewed as the phase space of a mechanical system and smooth
functions on M (possibly depending smoothly on an additional parameter, viewed
as time) are called Hamiltonians. Whenever we consider a time-dependent Hamil-
tonian we assume that it is 1-periodic in time, i.e. has the form F :M × S1 → R.
Set Ft := F (·, t). The support of F is defined as suppF := ∪t∈S1suppFt ⊂ M .
We say that F is normalized, if
∫
M
Ftω
n = 0 for any t ∈ S1.
We denote by C(M) (respectively, C∞(M)), the space of continuous (respec-
tively, smooth) functions on M and by ‖ · ‖ the uniform norm on these spaces:
‖F‖ := maxM |F |.
Given a (time-dependent) Hamiltonian F , define its Hamiltonian vector field
XFt by ω(·, XFt) = dFt(·). Denote the flow of XFt by φtF – it preserves ω and is
called the Hamiltonian flow of F . Symplectomorphisms of M (that is, diffeomor-
phisms of M preserving ω) that can be included in such a flow are called Hamilto-
nian symplectomorphisms and form a group Ham (M) which is a subgroup of the
identity component Symp 0(M) of the full symplectomorphism group Symp (M).
Its universal cover is denoted by H˜am (M). We say that φF := φ
1
F is the Hamil-
tonian symplectomorphism generated by F . The Hamiltonian F also generates an
element of H˜am (M) that will be denoted by φ˜F : it is given by the homotopy class
(with the fixed end-points) of the path φtF , 0 ≤ t ≤ 1, in Ham (M).
The space of smooth functions onM will be denoted by C∞(M). Given F,G ∈
C∞(M), define the Poisson bracket {F,G} by {F,G} := ω(XG, XF ). Together
with the Poisson bracket C∞(M) becomes a Lie algebra whose center is R (the
constant functions).
It is instructive to view Ham (M) and H˜am (M) as infinite-dimensional Lie
groups whose Lie algebra (the algebra of time-independent Hamiltonian vector
fields onM) is naturally isomorphic to C∞(M)/R, or to the subalgebra of C∞(M)
formed by normalized functions, with the map F 7→ φF being viewed as the expo-
nential map and the natural action of Ham (M) on C∞(M) being viewed as the
adjoint action.
Similarly to the closed case, for an open symplectic manifold (U2n, ω) one
can define Ham (U) as the group formed by Hamiltonian symplectomorphisms
generated by (time-dependent) Hamiltonians supported in U and H˜am (U) as its
universal cover. The group H˜am (U) admits the Calabi homomorphism C˜alU :
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H˜am (U) → R defined by C˜alU (φ˜F ) :=
∫
S1
∫
M
Ftω
ndt, where suppF ⊂ U . If ω
is exact, C˜alU descends to a homomorphism CalU : Ham (U) → R. If U is an
open subset of M , then there are natural inclusion homomorphisms Ham (U) →
Ham (M), H˜am (U)→ H˜am (M), whose images will be denoted by GU and G˜U 4.
Let U be an open subset ofM . Each φ ∈ Ham (M) (respectively, φ˜ ∈ H˜am (M))
can be represented as a product of elements of the form ψθψ−1 with θ lying in GU
(respectively, G˜U ). Moreover, assuming that C˜alU descends to a homomorphism
CalU on Ham (U), one can make sure that each such θ satisfies CalU (θ) = 0. This
follows from Banyaga’s fragmentation lemma [5]. Denote the minimal number of
factors in such a product by ‖φ‖U (respectively, ‖φ˜‖U ), if there is no condition on
CalU (θ), and ‖φ‖U,0, if the condition CalU (θ) = 0 is imposed. All the norms are
defined as 0 on the identity elements.
Let T k be a torus. A Hamiltonian T k-action on M is a homomorphism T k →
Ham (M). (We will always assume that such an action is effective). In such a case
the action of the i-th S1-factor of T k = S1× . . .×S1, i = 1, . . . , k, is a Hamiltonian
flow generated by a Hamiltonian Hi. The Hamiltonians H1, . . . , Hk commute with
respect to the Poisson bracket. The map Φ = (H1, . . . , Hk) : M → Rk is called the
moment map of the Hamiltonian T k-action. If all Hi are normalized, we say that
Φ is the normalized moment map.
A submanifold L of (M2n, ω) is called Lagrangian, if dimL = n and ω|L ≡ 0.
A (closed) symplectic manifold (M,ω) admits a preferred class of almost com-
plex structures compatible in a certain sense with ω. All these almost complex
structures have the same first Chern class c1, called the first Chern class of M .
A closed symplectic manifold (M,ω) is called monotone, if [ω] and c1 are posi-
tively proportional on spherical homology classes and symplectically aspherical, if
[ω] vanishes on such classes.
Finally, we say that a subset X ⊂M is displaceable from Y ⊂M by a group G
(where G is either Ham (M), or Symp 0(M), or Symp (M)), if there exists φ ∈ G
such that φ(X) ∩ Y = ∅. If X can be displaced from itself by G, we say that it is
displaceable by G or just displaceable, if G = Ham (M).
Consider T ∗S1 = R × S1 with the coordinates (r, θ) and the symplectic form
dr∧dθ. We say that X ⊂M is stably displaceable, if X×{r = 0} is displaceable in
M ×T ∗S1 equipped with the split symplectic form ω⊕ (dr∧dθ). Any displaceable
set is stably displaceable (but not necessarily vice versa).
3.2. Quantum homology and spectral numbers. A closed sym-
plectic manifold M carries a rich algebraic structure called the quantum homology
ofM : additively it is just the singular homology ofM with coefficients in a certain
ring, while multiplicatively the quantum product is a deformation of the classical
intersection product on homology which is defined using a count of certain pseudo-
4Note that the homomorphism H˜am (U) → H˜am (M) does not have to be injective and,
accordingly, G˜U does not have to be the preimage of GU under the universal cover H˜am (M)→
Ham (M) – see [40].
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holomorphic spheres5 in M . In fact, there are several possible algebraic setups for
this structure – we refer the reader to [48], as well as [22], [70], for the precise
definitions and more details. In any case, the resulting algebraic object is a ring
with unity given by the fundamental class [M ]. Passing, if needed (depending on
M and the algebraic setup of the construction), to an appropriate subring with
unity one gets a finite-dimensional commutative algebra with unity over a certain
field that we will denote by K. Typically, K is the field of semi-infinite (Laurent-
type) power series with coefficients in a base field F , where F is one of the fields
Zp, Q, R, C. Abusing the terminology we will denote the latter finite-dimensional
commutative algebra by QH(M) and still call it the quantum homology of M .
Let us also mention the constructions of Usher [70] and Fukaya-Oh-Ohta-Ono
[31] (the so-called deformed quantum homology) that, roughly speaking, use certain
homology classes of M for an additional deformation of the quantum homology
product and sometimes allow to obtain different finite-dimensional commutative
algebras as above for a given M – abusing the terminology we will still call any
of these different algebras the quantum homology of M and denote it by QH(M)
and emphasize the difference between them only when needed.
Given a non-zero a ∈ QH(M) and a Hamiltonian F : M × S1 → R, one can
define the spectral number c(a, F ) [61], [53] (see [51, 52, 71] for earlier versions of
the construction and [68, 69] for additional important properties of the spectral
numbers). It generalizes the following classical minimax quantity: given a singular
non-zero (rational) homology class a of M and a continuous function F on M ,
consider the smallest value c of F so that a can be realized by a cycle lying in
{F ≤ c} – for a smooth Morse function F this definition can be reformulated
in terms of the Morse homology of F . The construction of the spectral number
c(a, F ) is based on the same concept, where the singular homology is replaced by
the quantum homology ofM and the Morse homology of F is replaced by its Floer
homology. The latter can be viewed as an infinite-dimensional version of the Morse
homology for a certain functional, associated with F , on a covering of the space
of free contractible loops in M , with the critical points of the functional being
pre-images of contractible 1-periodic orbits of the Hamiltonian flow of F under the
covering (see e.g. [48] for a detailed introduction to the subject).
If F,G : M × S1 → R are normalized and φ˜F = φ˜G, then c(a, F ) = c(a,G).
Thus, given φ˜ ∈ H˜am (M), one can define c(a, φ˜) := c(a, F ) for any normalized F
generating φ˜.
3.3. The main theorem. Assume a ∈ QH(M) is an idempotent (for in-
stance, a = [M ]). Here and further on, whenever we mention an idempo-
tent, we assume that it is non-zero. Define µa : H˜am (M)→ R by
µa(φ˜) := −vol (M) lim
k→+∞
c(a, φ˜k)
k
,
5Pseudo-holomorphic spheres are (j, J)-holomorphic maps (CP 1, j)→ (M,J) for the standard
complex structure j on CP 1 and an almost complex structure J on M compatible with the
symplectic form.
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where vol (M) :=
∫
M
ωn, and ζa : C
∞(M)→ R by
ζa(F ) := lim
k→+∞
c(a, kF )
k
.
One can check [21] that the limits exist and
ζa(F ) =
∫
M
Fωn − µa(φ˜F )
vol (M)
.
The next theorem shows that under certain conditions on QH(M) and a the func-
tion µa is a homogeneous quasi-morphism and accordingly ζa is a Lie quasi-state
invariant under the adjoint action of H˜am (M) on C∞(M), since, up to a scal-
ing factor and an addition of a linear map invariant under the adjoint action of
H˜am (M), it is the derivative of µa (see Section 2.3).
We will say that QH(M) is field-split, if it can be represented, in the category
of K-algebras, as a direct sum of two subalgebras at least one of which is a field.
Such a field will be called a field factor of QH(M).
Theorem 3.1. Assume QH(M) is field-split and a is the unity in a field factor
of QH(M). Then µa satisfies the following properties:
A. (Stability)
∫ 1
0
minM (Ft −Gt) dt ≤ µa(φ˜G)− µa(φ˜F ) ≤
∫ 1
0
maxM (Ft −Gt) dt.
B. The function µa : H˜am (M)→ R is a homogeneous quasi-morphism, that is,
B1. (Homogeneity) µa(φ˜
k) = kµa(φ˜) for any φ˜ ∈ H˜am (M) and k ∈ Z.
B2. (Quasi-additivity) There exists C > 0 such that |µa(φ˜ψ˜) − µa(φ˜) −
µa(ψ˜)| ≤ C for any φ˜, ψ˜ ∈ H˜am (M).
C. (Calabi property) If U ⊂ M is stably displaceable and suppF ⊂ U , then
µa(φ˜F ) =
∫ 1
0
∫
U
Ftω
ndt. In other words, the Calabi homomorphism C˜alU descends
from H˜am (U) to G˜U ⊂ H˜am (M)6 and µ|G˜U = C˜alU .
At the same time, ζa satisfies the following properties:
a. (Monotonicity) minM (F − G) ≤ ζa(F ) − ζa(G) ≤ maxM (F − G) for any
F,G ∈ C∞(M) and, in particular, if F ≤ G, then ζa(F ) ≤ ζa(G). Hence, ζa is
1-Lipschitz with respect to the uniform norm and extends to a functional on C(M)
that we will still denote by ζa.
b. The functional ζa is a Lie quasi-state, that is
b1. (Homogeneity) ζa(λF ) = λζa(F ) for any F ∈ C(M) and λ ∈ R.
b2. (Strong quasi-additivity) If F,G ∈ C∞(M) and {F,G} = 0, then
ζa(F +G) = ζa(F ) + ζa(G). In fact, ζa satisfies a stronger property: for any
F,G ∈ C∞(M) one has
|ζa(F +G)− ζa(F )− ζa(G)| ≤
√
2C||{F,G}||,
6This was tacitly assumed in [20].
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where C > 0 is the constant from B2.
c. (Vanishing property) If U ⊂ M is stably displaceable and F ∈ C(M) with
suppF ⊂ U , then ζa(F ) = 0.
d. (Normalization) ζa(1) = 1.
e. (Invariance) ζa : C(M) → R is invariant under the action of Symp0(M) on
C(M).
The functionals µa : H˜am (M) → R and ζa : C(M) → R satisfying the prop-
erties listed in Theorem 3.1 are called, respectively, a Calabi quasi-morphism and
a symplectic quasi-state. In particular, the restriction of a symplectic quasi-state
to C∞(M) is always a Lie quasi-state. Moreover, one can readily check that any
symplectic quasi-state is also a topological quasi-state. The converse is true only
if dimM = 2 [21]. The quasi-measure associated to a symplectic quasi-state is
Symp 0(M)-invariant and vanishes on stably displaceable open sets.
For an arbitrary M and an arbitrary idempotent a ∈ QH(M) (for instance,
a = [M ]) one gets a weaker set of properties of µa and ζa.
Theorem 3.2. Assume a ∈ QH(M) is an arbitrary idempotent. Then µa satisfies
the properties (A) and (C) from Theorem 3.1 and a weaker version of the properties
(B1) and (B2):
B1’. (Partial homogeneity) µa(φ˜
k) = kµa(φ˜) for any φ˜ ∈ H˜am (M) and k ∈
Z≥0.
B2’. (Partial quasi-additivity) Given a displaceable open set U ⊂ M , there
exists C = C(µa, U) > 0, so that |µa(φ˜ψ˜)− µa(φ˜)− µa(ψ˜)| ≤ Cmin{‖φ˜‖U , ‖ψ˜‖U}
for any φ˜, ψ˜ ∈ H˜am (M).
At the same time, ζa satisfies the properties (a),(c),(d),(e) from Theorem 3.1
and a weaker version of the properties (b1) and (b2):
b1’. (Partial homogeneity) ζa(λF ) = λζa(F ) for any F ∈ C(M) and λ ∈ R≥0.
b2’. (Partial strong quasi-additivity) If F,G ∈ C∞(M) and {F,G} = 0 and
either suppG is displaceable or G is constant, then ζa(F + G) = ζa(F ) + ζa(G).
In fact, ζa satisfies a stronger property: for any F,G ∈ C∞(M) one has
|ζa(F +G)− ζa(F )− ζa(G)| ≤
√
2C||{F,G}||,
where C ∈ (0,+∞] is a constant depending on ζa and on the supports of F and G.
In particular, the constant C is finite if at least one of the supports is displaceable.
The functionals µa and ζa satisfying the properties listed in Theorem 3.2 are
called, respectively, a partial Calabi quasi-morphism and a partial symplectic quasi-
state. Clearly, a genuine Calabi quasi-morphism or a genuine symplectic quasi-state
is also a partial one.
Theorems 3.1 and 3.2 were proved under various additional restrictions on M
in [20], [21]. In [54, 45, 68, 69] (see also [22, 23]) the restrictions were removed
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and the theorems were proved for new classes of closed symplectic manifolds. The
stronger part of the property (b2) in Theorems 3.1 was proved in [28]. The stronger
part of the property (b2’) in Theorems 3.2 was proved in [57]. The Calabi and
vanishing properties (C) and (c) in Theorems 3.1, 3.2 were originally proved for
a displaceable U – it was later observed by Borman [10] that the displaceability
assumption on U can be weakened to stable displaceability.
Examples of closed manifolds with a field-split QH(M) (for an appropriate
algebraic setup of QH(M)) include complex projective spaces (or, more gener-
ally, complex Grassmanians and symplectic toric manifolds), as well as blow-ups
of symplectic manifolds – all with appropriate (and, in a certain sense, generic
[70]) symplectic structures [20, 22, 31, 32, 44, 45, 54, 55, 70]. The direct product
of symplectic manifolds with field-split quantum homology algebras also has this
property – possibly under some additional assumptions on the manifolds, depend-
ing on the algebraic setup of the quantum homology [22]. As an example of M
whose quantum homology QH(M) is not field-split one can take any symplecti-
cally aspherical manifold – in such a case there are no pseudo-holomorphic spheres
in M and hence there is no difference between quantum and singular homology.
Let us emphasize that, in general, the question whether QH(M) is field-split may
depend not only on M but also on the algebraic setup of the quantum homology
(and on a choice of the deformation in case of the deformed quantum homology).
Example 3.3 ([20]). Assume M = S2 and a = [S2]. Then ζa : C(S
2) → R is a
symplectic quasi-state and its restriction to the set of smooth Morse functions on
S2 (which is dense in C(S2) in the uniform norm) can be described in combinatorial
terms.
Namely, assume that the symplectic (that is, area) form ω on S2 is normalized
so that the area of S2 is 1 and let F be a smooth Morse function on S2. Consider
the space ∆ of connected components of the level sets of F as a quotient space of
S2. As a topological space ∆ is homeomorphic to a tree. The function F descends
to ∆ and the push-forward of the measure defined by ω on S2 yields a non-atomic
Borel probability measure on ∆. There exists a unique point x ∈ ∆ such that each
connected component of ∆ \ x has measure ≤ 1/2 (such a point x is called the
median of the measured tree ∆). Then ζa(F ) = F (x).
Let us note that the symplectic quasi-state ζa : C(S
2) → R in Example 3.3 is
dispersion-free, that is, satisfies ζa(F
2) = (ζa(F ))
2. Equivalently, the correspond-
ing quasi-measure takes only values 0 and 1. The following open question is of
utmost importance for the study of symplectic quasi-states:
Question 3.4. Is it true that the symplectic quasi-states constructed in Theo-
rems 3.1 and 3.2 are always dispersion-free?
Remark 3.5. Sometimes the (partial) Calabi quasi-morphism µa : H˜am (M)→ R
descends to Ham (M) (that is, vanishes on π1Ham (M)). Abusing the notation we
will denote the resulting (partial) Calabi quasi-morphism on Ham (M) also by
µa. The list of manifolds for which µa is known to descend to Ham (M) for all
a includes symplectically aspherical manifolds [61], complex projective spaces [20]
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and their monotone products [20, 13], a monotone blow-up of CP 2 at three points
and the complex Grassmannian Gr(2, 4) [13]. The list of manifolds for which it is
known that µa does not descend to Ham (M) at least for some a includes various
symplectic toric manifolds and, in particular, the monotone blow-ups of CP 2 at
one or two points [23, 54].
Let us note that if (M,ω) is monotone, the restriction of µa to π1Ham (M)
does not depend on the choice of a (for a fixed algebraic setup of QH(M)) [23].
This is not necessarily true if M is not monotone [55].
Remark 3.6. For a closed connected M the group Ham (M) is simple and the
group H˜am (M) is perfect [5]. Hence, these groups do not admit non-trivial homo-
morphisms to R and therefore partial Calabi quasi-morphisms on H˜am (M) and
Ham (M) are never homomorphisms (they are non-trivial because of the Calabi
property). Also, partial symplectic quasi-states are never linear (use a partition of
unity with displaceable supports to check it). Moreover, in certain cases one can
verify that a partial symplectic quasi-state ζa is not a genuine quasi-state (and,
accordingly, µa is not a genuine quasi-morphism) – see Section 4.1.
Remark 3.7. Denote by E the collection of all open displaceable U ⊂ (M,ω) such
that ω|U is exact. For any U ∈ E the Calabi homomorphism CalU : GU → R is
well-defined and, by Banyaga’s theorem [5], the group KerCalU is simple, meaning
that, up to a scalar factor, CalU is the unique non-trivial R-valued homomorphism
on GU continuous on 1-parametric subgroups. If U, V ∈ E and U ⊂ V , then
GU ⊂ GV and CalU = CalV on GU . Thus, if a partial Calabi quasi-morphism µa
descends to Ham (M), we get the following picture: there is a family E of subgroups
of Ham (M), with each subgroup GU ∈ E carrying the unique R-valued homomor-
phism CalU (continuous on 1-parametric subgroups), and while it is impossible to
patch up all these homomorphisms into an R-valued homomorphism on Ham (M),
it is possible to patch them up into a partial Calabi quasi-morphism µa (which
may be non-unique).
Now let us discuss the existence and uniqueness of genuine Calabi quasi-mor-
phisms and symplectic quasi-states on a given symplectic manifold and, in partic-
ular, the dependence of µa and ζa on a and the algebraic setup of QH(M).
The set of idempotents in QH(M) carries a partial order: namely, given idem-
potents a, b ∈ QH(M), we write a  b if ab = b. Clearly, [M ] ≥ b for any
idempotent b ∈ QH(M). If a  b, then a− b is also an idempotent and a  a− b.
Conversely, if b, b′ ∈ QH(M) are two idempotents such that bb′ = 0, then b+ b′ is
also an idempotent and b+ b′  b, b′.
The following theorem follows from basic properties of spectral numbers (cf.
[23], Theorem 1.5).
Theorem 3.8. Assume a, b ∈ QH(M) are idempotents, so that a  b. Then
a. µa ≤ µb, ζa ≥ ζb.
b. If µa is a genuine (i.e. not only partial) Calabi quasi-morphism, then µa =
µb, ζa = ζb and thus µb is also a genuine Calabi quasi-morphism and ζb is a
genuine symplectic quasi-state.
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At the same time it is possible that a  b, µa is a partial Calabi quasi-morphism
while µb is a genuine Calabi quasi-morphism – see Examples 4.13, 4.14.
In fact, different idempotents may define linearly independent Calabi quasi-
morphisms and symplectic quasi-states. For instance, if M is a blow-up of CP 2
at one point with an appropriate non-monotone symplectic structure, one can
find Calabi quasi-morphisms µa and µb on H˜am (M) (for some idempotents a, b ∈
QH(M)) that have linearly independent restrictions to π1Ham (M) [55], and if M
is S2×S2 with a monotone symplectic structure, one can find linearly independent7
symplectic quasi-states ζa, ζb on C(M) – see Example 4.14.
Moreover, a change of the algebraic setup of QH(M) may yield new Calabi
quasi-morphisms and symplectic quasi-states on the same M . For instance, if
M = CPn, one can choose algebraic setups of QH(CPn), both for F = Z2 and
F = C, so that in both cases QH(CPn) is a field and thus the only idempotent
in QH(CPn) is the unity a = [CPn]. By Theorem 3.1, in both cases a = [CPn]
defines a Calabi quasi-morphism µa on H˜am (CPn) that descends to Ham (CPn)
(for F = C this is proved in [20], the same proof works also for F = Z2). However,
it follows from [73] for n = 2 and from [50] for n = 3 that the symplectic quasi-
states defined by [CPn] in both cases are different (see Example 4.12).
Remark 3.9. Let us note that historically the first Calabi quasi-morphism on
H˜am (CPn) was implicitly constructed by Givental in [34], [35] in a completely
different way; the fact that it is indeed a Calabi quasi-morphism was proved by
Ben Simon [7] (the stability property of the quasi-morphism is proved in [12]).
Givental’s Calabi quasi-morphism descends from H˜am (CPn) to Ham (CPn) [64].
It would be interesting to find out whether this quasi-morphism on Ham (CPn) can
be expressed as µa for some a ∈ QH(CPn) (for some algebraic setup ofQH(CPn)).
Question 3.10. Is the quasi-morphism µa for a = [CP 1] the only Calabi quasi-
morphism on Ham (CP 1)?
Let us note that in the case of CP 1 the symplectic quasi-state ζa for a = [CP 1],
described in Example 3.3, is known to be the unique symplectic quasi-state on
C(S2) [20].
In some cases the non-uniqueness can be prove by using the different algebras
QH(M) appearing in the deformed quantum homology construction – see [31] for
examples of symplectic manifolds with infinitely many linearly independent Calabi
quasi-morphisms and symplectic quasi-states constructed in this way.
Let us also mention a construction due to Borman [10],[11] (also see [12]) that
allows in certain cases to use a Calabi quasi-morphism on H˜am (N) in order to build
a Calabi quasi-morphism on H˜am (M) if M is obtained from N by a symplectic
reduction or if M is a symplectic submanifold of N . Using different presentations
of a symplectic manifold as a symplectic reduction one can construct examples of
7Note that Calabi quasi-morphisms and symplectic quasi-states on a given manifold form
convex sets respectively in the vector spaces of all homogeneous quasi-morphisms and all Lie
quasi-states and their linear dependence is considered in these vector spaces.
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M with infinitely many linearly independent Calabi quasi-morphisms on H˜am (M)
(the corresponding symplectic quasi-states are also linearly independent).
Let us also note that apart from the Calabi quasi-morphisms from Theo-
rem 3.1, the Givental quasi-morphism mentioned in Remark 3.9 and the quasi-
morphisms produced from them by Borman’s reduction method, there are no
known examples of homogeneous quasi-morphisms on H˜am (M) satisfying the sta-
bility property (A) from Theorem 3.1, though otherwise there are many homoge-
neous quasi-morphisms on H˜am (M) (that sometimes descend to Ham (M)) – see
[19, 33, 59, 60, 65]. Let us also note that for symplectic manifolds of dimension
greater than 2 the constructions above are the only currently known constructions
of partial symplectic quasi-states on closed manifolds. (As it was mentioned above,
in dimension 2 any topological quasi-state is also symplectic. There is a number of
ways to construct topological quasi-states in any dimension – see e.g. [2, 41]). The
basic open case for the existence of a (stable) Calabi quasi-morphism on H˜am (M)
isM = T 2 and for symplectic quasi-states it isM = T 4. It is also unknown whether
any symplectic quasi-state has to come from a Calabi quasi-morphism and whether
different Calabi quasi-morphisms may define the same symplectic quasi-state.
Remark 3.11. There is a straightforward extension of the notion of a (partial)
Calabi quasi-morphism to the case of an open symplectic manifold M and there
are several constructions of such quasi-morphisms.
First, one can consider a conformally symplectic embedding8 of M in a closed
symplectic manifold N carrying a Calabi quasi-morphism defined on Ham (N)
and use the homomorphism Ham (M) → Ham (N) induced by the embedding to
pullback the quasi-morphism from Ham (N) to Ham (M). (Of course, one then has
to prove that the resulting quasi-morphism on Ham (M) is non-trivial). In this way
one can, for instance, use conformally symplectic embeddings of a standard round
ball B2n in CPn in order to construct a continuum of linearly independent Calabi
quasi-morphisms on Ham (B2n) [9].
There are also intrinsic constructions of (partial) Calabi quasi-morphisms for
certain open symplectic manifolds following the lines of the construction presented
above – see [42, 49] for more details as well as for extensions of the notion of a
(partial) symplectic quasi-state to the open case. These constructions allow to
extend many of the results mentioned in this survey to the open case.
4. Applications
4.1. Quasi-states and rigidity of symplectic intersections. A
key phenomenon in symplectic topology is rigidity of intersections of subsets of
symplectic manifolds: namely, sometimes a subset X of a symplectic manifold M
cannot be displaced from a subset Y by Ham (M) (or Symp 0(M), or Symp (M)),
even though X can be displaced from Y by a smooth isotopy. A central role in
8A map f : (M,ω)→ (N,Ω) between symplectic manifolds is called conformally symplectic if
f∗Ω = cω for some non-zero constant c.
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the applications of partial symplectic quasi-states is played by their connection to
this phenomenon. Namely, to each partial symplectic quasi-state, and, in partic-
ular, to each idempotent a ∈ QH(M), one can associate a certain hierarchy of
non-displaceable sets in M . The interplay between the hierarchies associated to
different a is an interesting geometric phenomenon in itself.
The key definitions describing the hierarchy are as follows [23]. Let ζ : C(M)→
R be a partial symplectic quasi-state. We say that a closed subset X ⊂M is heavy
with respect to ζ, if ζ(F ) ≥ infX F for all F ∈ C(M), and superheavy with respect
to ζ, if ζ(F ) ≤ supX F for all F ∈ C(M). Equivalently, X is superheavy with
respect to ζ, if ζ(F ) = F (X) for any F ∈ C(M) which is constant on X . If
ζ = ζa for an idempotent a ∈ QH(M) (and a prefixed algebraic setup of QH(M)),
we use the terms a-heavy and a-superheavy for the heavy and superheavy sets
with respect to ζa. Clearly, a closed set containing a heavy/superheavy subset is
itself heavy/superheavy. The basic properties of heavy and superheavy sets are
summarized in the following theorems.
Theorem 4.1 ([23]). Heavy and superheavy sets with respect to a fixed partial
symplectic quasi-state ζ satisfy the following properties:
a. Every superheavy set is heavy, but, in general, not vice versa.
b. The classes of heavy and superheavy sets are Symp 0(M)-invariant.
c. Every superheavy set has to intersect every heavy set. Therefore, in view
of (b), any superheavy set cannot be displaced from any heavy set by Symp 0(M).
In particular, any superheavy set is non-displaceable by Symp 0(M). On the other
hand, two heavy sets may be disjoint.
d. Every heavy subset is stably non-displaceable. However, it may be displace-
able by Symp 0(M).
e. If ζ is a genuine (that is, not partial) symplectic quasi-state, then the classes
of heavy and superheavy sets are identical: they coincide with the class of closed
sets of full quasi-measure (that is, of quasi-measure 1) for the quasi-measure on
M associated with ζ.
Theorem 4.2 ([23]). Assume that Xi is an ai-heavy (resp. ai-superheavy) subset
of a closed connected symplectic manifold Mi for some idempotent ai ∈ QH(Mi),
i = 1, 2. Then the product X1 ×X2 ⊂ M1 ×M2 is a1 ⊗ a2-heavy (resp. a1 ⊗ a2-
superheavy)9.
Changing an idempotent a or changing the algebraic setup of QH(M) may
completely change the heaviness/superheaviness property of a set: there are ex-
amples of disjoint sets that are superheavy with respect to different idempotents in
QH(M) (see Example 4.14) and there is an example of a set that is [M ]-superheavy,
if QH(M) is set up over F = Z2, and is disjoint from an [M ]-superheavy set, if
QH(M) is set up over F = C (see Example 4.12).
9There is an analogue of the Ku¨nneth formula for quantum homology – in particular, to each
pair of idempotents a1 ∈ QH(M1), a2 ∈ QH(M2), one can associate an idempotent a1 ⊗ a2 ∈
QH(M1×M2). Let us note that even if ζa1 and ζa2 are genuine symplectic quasi-states, ζa1⊗a2
may be only a partial one – see Example 4.14.
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The partial order on the set of idempotents mentioned in Section 3 yields the
following relation between the corresponding collections of heavy and superheavy
sets which follows immediately from Theorem 3.8 and the examples below.
Theorem 4.3. Assume a, b ∈ QH(M) are idempotents and a  b. Then
a. Every a-superheavy set is also b-superheavy (but not necessarily vice versa).
b. Every b-heavy set is also a-heavy (but not necessarily vice versa).
Remark 4.4. There is a natural action of Symp (M) on QH(M). The sub-
group Symp 0(M) ⊂ Symp (M) acts on QH(M) trivially and this explains the
Symp 0(M)-invariance of the partial symplectic quasi-states ζa and, accordingly,
of the classes of a-heavy and a-superheavy sets. If an idempotent a ∈ QH(M)
is invariant under the action of the full group Symp (M) (e.g. if a = [M ]), then
Symp 0(M) can be replaced by Symp (M) everywhere in Theorems 3.1, 3.2, 4.1. In
particular, any [M ]-superheavy set cannot be displaced from any a-heavy set (for
any idempotent a ∈ QH(M)) by Symp (M).
Remark 4.5. The reason why every superheavy set X (with respect to a partial
quasi-state ζ) must intersect every heavy set Y is very simple: If X ∩ Y = ∅, pick
a function F so that F |X ≡ 0 and F |Y ≡ 1. Then, by the definition of heavy and
superheavy sets, ζ(F ) = 0 and ζ(F ) ≥ 1, which is impossible.
Remark 4.6. For certain Lagrangian submanifolds X and Y of M one can prove
the non-displaceability of X from Y by means of the Lagrangian Floer homology
of the pair (X,Y ) (see e.g. [30]). The advantage of this method is that, unlike
Theorem 4.1, it gives a non-trivial lower bound on the number of transverse in-
tersection points of φ(X), φ ∈ Ham (M), and Y . On the other hand, unlike the
Lagrangian Floer theory, symplectic quasi-states allow to prove non-displaceability
results for singular sets (see the examples below).
The most basic examples of heavy and superheavy sets are an equator in S2
(that is, an embedded circle dividing S2 into two parts of equal area) which is [S2]-
superheavy and a meridian in T 2 which is [T 2]-heavy but not [T 2]-superheavy, since
it is displaceable by Symp 0(T
2) – in particular, it implies that the partial symplec-
tic quasi-state on C(T 2) defined by [T 2] is not a genuine symplectic quasi-state [23]
(cf. Remark 3.6). The union of a meridian and a parallel in T 2 is [T 2]-superheavy
[38]. More complicated examples come from the following constructions.
Let A ⊂ C∞(M) be a finite-dimensional Poisson-commutative vector subspace
(meaning that {F,G} = 0 for any F,G ∈ A) . The map Φ : M → A∗ defined by
〈Φ(x), F 〉 = F (x) is called the moment map of A. As an example of such a moment
map one can consider the moment map of a Hamiltonian torus action on M , or a
map M → RN whose components have disjoint supports.
A non-empty fiber Φ−1(p) is called a stem of A (see [21]), if all non-empty
fibers Φ−1(q) with q 6= p are displaceable, and a stable stem, if they are stably
displaceable. If a subset ofM is a (stable) stem of some finite-dimensional Poisson-
commutative subspace of C∞(M), it will be called just a (stable) stem. Any stem
is a stable stem but possibly not vice versa 10.
10There are no known examples of a stable stem that is not a stem, i.e. not a stem of any A.
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Theorem 4.7 ([21, 23]). A stable stem is superheavy with respect to any partial
symplectic quasi-state ζ on C(M).
Using the partial symplectic quasi-state ζ[M ] we get
Corollary 4.8 ([21]). For any finite-dimensional Poisson-commutative subspace
of C∞(M) its moment map Φ has at least one non-displaceable fiber.
The following question is closely related to Question 3.4.
Question 4.9. Is it true that for any finite-dimensional Poisson-commutative sub-
space of C∞(M) its moment map Φ has at least one heavy fiber (at least with
respect to some symplectic quasi-state ζ on C(M))?
Remark 4.10. If ζ a genuine symplectic quasi-state on C(M), then Theorem 4.7
can be proved using the quasi-measure τ associated to ζ [21]. Namely, the push-
forward of τ to A∗ by the moment map Φ of a Poisson commutative subspace
A is a Borel probability measure ν on A∗ [21]. As we already noted above, the
vanishing property of ζ implies that τ vanishes on stably displaceable open subsets
of M . Therefore if a fiber Φ−1(p) of Φ is a stable stem, the support of ν has
to be concentrated at p, meaning that τ(Φ−1(p)) = 1 or, in other words (see
Theorem 4.1), Φ−1(p) is superheavy with respect to ζ.
Here are a few examples of (stable) stems [21, 23]. The Lagrangian Clifford
torus in CPn, defined as L = {[z0 : . . . : zn] ∈ CPn | |z0| = . . . = |zn|}, is a
stem, hence [CPn]-superheavy (this generalizes the example of an equator in S2
mentioned above). The codimension-1 skeleton of a triangulation of a closed sym-
plectic manifold M2n all of whose 2n-dimensional simplices are displaceable is a
stem. A fiber Φ−1(0) of the normalized moment map Φ of a compressible11 Hamil-
tonian torus action onM is a stable stem12. A direct product of (stable) stems is a
(stable) stem and that the image of a (stable) stem under any symplectomorphism
is again a (stable) stem.
In case when the Hamiltonian torus action is not compressible, much less is
known about (stable) displaceability of fibers of the moment map of the action
(aside from the case of symplectic toric manifolds where many results have been
obtained in recent years by different authors). If (M,ω) is monotone, one can
explicitly find a so-called special fiber of the moment map Φ of the action which is
a-superheavy for any idempotent a ∈ QH(M) [23]. For a Hamiltonian T n-action
torus on a monotone (M2n, ω) (that is, for a monotone symplectic toric manifold)
the special fiber (which in this case is a Lagrangian torus) can be described in
simple combinatorial terms involving the moment polytope (that is, the image of
the moment map which is a convex polytope) – see [23]. It is not known whether in
the latter case the special fiber is always a stem – see [46] for a detailed investigation
of this question. Interestingly enough, the question whether the special fiber of
the normalized moment map for a monotone symplectic toric manifoldM coincides
11An effective Hamiltonian T k-action on (M,ω) is called compressible if the image of the
homomorphism pi1(T k)→ pi1(Ham (M)), induced by the action, is a finite group.
12Stable stems appearing in this way potentially may not be genuine stems.
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with the fiber over zero is related to the existence of a Ka¨hler-Einstein metric on
M – see [23, 64].
Finally, heaviness/superheaviness of Lagrangian submanifolds can be proved
using various versions of Lagrangian Floer homology. Namely, to certain La-
grangian submanifolds L of M one can associate the quantum homology (or the
Lagrangian Floer homology) QH(L) that comes with an open-closed map iL :
QH(L) → QH(M) [3, 8, 30, 31]. If iL(x) is non-zero for certain x ∈ QH(L),
then L is [M ]-heavy13, and if iL(x) divides an idempotent a ∈ QH(M), then L is
a-superheavy – this is shown in [23] in the monotone case, cf. [8, 30, 31].
Here are a few examples where this method can be applied. Let us emphasize
that the applications to specific L do depend on a proper choice of the algebraic
setup for the quantum homology in each case – see e.g. Example 4.12; we will
ignore this issue in the other examples below and refer the reader to [8, 23, 31] for
details.
Example 4.11 ([23]). Assume that L ⊂ M is a Lagrangian submanifold and
π2(M,L) = 0. Then L is [M ]-heavy. Note that in this case heaviness may not
be improved to superheaviness: the meridian in T 2 is [T 2]-heavy but not [T 2]-
superheavy.
Example 4.12. The real projective space RPn, which is a Lagrangian submanifold
of CPn, is [CPn]-superheavy, as long as QH(CPn) is set up over F = Z2 [8, 23].
In particular, this implies that RPn is not displaceable by Symp (CPn) from the
Clifford torus (see [4, 67] for other proofs of this fact).
On the other hand, RPn may not be [CPn]-superheavy, if QH(CPn) is set up
over F = C – for n = 2 this follows from [73] and for n = 3 from [50]. This implies
that the symplectic quasi-states defined by [CPn] for the setups of QH(M) over
F = Z2 and F = C are different for n = 2, 3.
Example 4.13 ([23]). Consider the torus T 2n equipped with the standard sym-
plectic structure ω = dp ∧ dq. Let M2n = T 2n♯CPn be a symplectic blow-up of
T 2n at one point (the blow-up is performed in a small ball B around the point).
Assume that the Lagrangian torus L ⊂ T 2n given by q = 0 does not intersect B.
Then the proper transform of L is a Lagrangian submanifold of M which is
[M ]-heavy but not a-heavy for some other idempotent a ∈ QH(M) (that, roughly
speaking, depends on the exceptional divisor of the blow-up). In this case the
functional ζ[M ] is a partial (but not genuine) symplectic quasi-state while ζa is a
genuine symplectic quasi-state.
Example 4.14 ([23, 18]). Let S2 be the standard unit sphere in R3 with the
standard area form σ. Let M := S2 × S2 be equipped with the symplectic form
σ ⊕ σ. Denote by x1, y1, z1 and x2, y2, z2 the Euclidean coordinates on the two
S2-factors.
Consider the following three Lagrangian submanifolds of M : the anti-diagonal
∆ := {(u, v) ∈ S2 × S2 : u = −v}, the Clifford torus L = {z1 = z2 = 0} and the
13The a-heaviness for an arbitrary idempotent a ∈ QH(M) can also be proved by the same
method under a stronger non-vanishing assumption.
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torus K = {z1 + z2 = 0, x1x2 + y1y2 + z1z2 = −1/2}. Clearly, L intersects both
K and ∆, while K ∩∆ = ∅.
For a certain algebraic setup of QH(M) (with F = C) the algebra QH(M) is a
direct sum of two fields whose unities will be denoted by a− and a+ (in particular,
a− + a+ = [M ]). The idempotents a− and a+ define symplectic quasi-states ζa
−
,
ζa+ . At the same time ζ[M ] is only a partial, not genuine, symplectic quasi-state.
The submanifolds ∆ and L are a−-superheavy, while K is not. At the same time
K and L are a+-superheavy, while ∆ is not. All three sets ∆, K, L are [M ]-heavy
but L is the only one of them that is [M ]-superheavy.
In particular, the Lagrangian tori L and K cannot be mapped into each other
by any symplectomorphism of M . See [50] and the references therein for more
results on the Lagrangian torus K.
For more examples of heavy and superheavy Lagrangian submanifolds obtained
by means of an open-closed map see [23, 31].
4.2. Quasi-states and connecting trajectories of Hamiltonian
flows. Here is an application of symplectic quasi-states to Hamiltonian dynamics.
As above, we assume that M is a closed connected symplectic manifold.
Theorem 4.15 ([14]). Let X0, X1, Y0, Y1 ⊂ M be a quadruple of closed sets so
that X0 ∩X1 = Y0 ∩ Y1 = ∅ and the sets X0 ∪ Y0, Y0 ∪X1, X1 ∪ Y1, Y1 ∪X0 are all
a-superheavy for an idempotent a ∈ QH(M). Let G ∈ C∞(M×S1) be a 1-periodic
Hamiltonian with Gt|Y0 ≤ 0, Gt|Y1 ≥ 1 for all t ∈ S1.
Then there exists a point x ∈M and time moments t0, t1 ∈ R so that φt0G (x) ∈
X0 and φ
t1
G (x) ∈ X1. Furthermore, |t0−t1| can be bounded from above by a constant
depending only on a, if G is time-independent, and both on a and the oscillation
maxM×S1 G−minM×S1 G of G, if G is time-dependent.
Remark 4.16. The proof of Theorem 4.15 uses the following important notion
[14]: Given a quadruple X0, Y0, X1, Y1 of compact subsets of a (possibly open)
symplectic manifold such that X0 ∩ X1 = Y0 ∩ Y1 = ∅, define pb4(X0, Y0, X1, Y1)
(where pb stands for the “Poisson brackets” and 4 for the number of sets) by
pb4(X0, Y0, X1, Y1) = infF,G ||{F,G}||, where the infimum is taken over all com-
pactly supported smooth F,G satisfying F |X0 ≤ 0, F |X1 ≥ 1, G|Y0 ≤ 0, G|Y1 ≥ 1.
Given a quadruple X0, Y0, X1, Y1 as in Theorem 4.15, one can use the strong
form of the property (b2) in Theorem 3.1 to prove the positivity of pb4 for certain
stabilizations [14] of the four sets. The existence of a connecting trajectory of the
Hamiltonian flow is then deduced from the positivity of pb4 using an averaging
argument [14].
Example 4.17 ([14]). Consider an open tubular neighborhood U of the zero-
section T n in T ∗T n. Pick q0, q1 ∈ T n and consider the open cotangent disks
Di = T
∗
qi
T n ∩ U , i = 0, 1. Let M = S2 × . . . × S2 be the product of n copies of
S2 equipped with the split symplectic structure ω = σ ⊕ . . . ⊕ σ. Let Y1 ⊂ M
be the product of equators in the S2 factors. It is a Lagrangian torus. If
∫
S2
σ
is sufficiently large, then, by the Weinstein neighborhood theorem (see [47]), U
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can be symplectically identified with a tubular neighborhood of Y1 in M . Using
the identification we consider Xi := Di, i = 0, 1, Y1 and U as subsets of M . Set
Y0 :=M \ U .
If
∫
S2
σ is sufficiently large, the quadruple X0, Y0, X1, Y1 ⊂ M satisfies the
assumptions of Theorem 4.15 [14]. In particular, let G : T ∗T n × S1 → R be a
Hamiltonian supported in U ⊂ T ∗T n which is ≥ 1 on T n × S1. Theorem 4.15
implies the existence of a trajectory of the Hamiltonian flow of G passing through
D0 and D1.
Switching the pair X0, X1 with the pair Y0, Y1 and applying Theorem 4.15 to
the switched pairs one can show in a similar way that if F : T ∗T n × S1 → R is
a compactly supported Hamiltonian such that F |D0×S1 ≤ 0, F |D1×S1 ≥ 1, then
there exists a trajectory of the Hamiltonian flow of F connecting the zero-section
of T ∗T n with ∂U . It would be interesting to find out whether this fact can be
related to the well-known Arnold diffusion phenomenon in Hamiltonian dynamics
that concerns trajectories of a similar kind.
4.3. Quasi-states and C0-rigidity of Poisson brackets. In this
section we still assume that (M,ω) is a closed connected symplectic manifold.
The Poisson brackets of two smooth functions on (M,ω) depend on their first
derivatives. Nevertheless, as it was first discovered in [17], the Poisson bracket
displays a certain rigidity with respect to the uniform norm of the functions. This
rigidity is best expressed in terms of the profile function defined as follows [14].
Equip the space Π := C∞(M) × C∞(M) with the product uniform metric:
d((F,G), (H,K)) = ||F −H ||+ ||G−K||. For each s ≥ 0 define Πs := {(H,K) ∈
Π | ||{H,K}|| ≤ s}. In particular, Π0 is the set of Poisson-commuting pairs. Given
a pair (F,G) ∈ Π, define the profile function ρF,G : R≥0 → R≥0 by ρF,G(s) =
d((F,G),Πs).
Question 4.18. Given a pair (F,G) ∈ Π, what can be said of ρF,G(0)? In
other words, how well can (F,G) be approximated with respect to d by a Poisson-
commuting pair?
Let us note that similar approximation questions have been extensively studied
for matrices – see e.g. [37] and the references therein. It follows from [25] that
the sets Πs, s ≥ 0, are closed with respect to d and therefore ρF,G(s) > 0 for
s ∈ [0, ||{F,G}||). Symplectic quasi-states help to give a more precise answer in
certain cases.
Theorem 4.19 ([14]). Let ζ : C(M)→ R be a symplectic quasi-state.
a. Assume X,Y, Z ⊂ M are closed sets that are superheavy with respect to ζ
and satisfy X ∩Y ∩Z = ∅. Assume F |X ≤ 0, G|Y ≤ 0, (F +G)|Z ≥ 1 and at least
one of the functions F,G has its range in [0, 1]. Then ρF,G(0) = 1/2 and for some
positive constant C, independent of F,G, and for all s ∈ [0; ||{F,G}||]
1
2
− C√s ≤ ρF,G(s) ≤ 1
2
− s
2||{F,G}|| .
b. Let X0, X1, Y0, Y1 ⊂M be closed sets so that X0 ∩X1 = Y0 ∩Y1 = ∅ and the
sets X0∪Y0, Y0∪X1, X1∪Y1, Y1∪X0 are all superheavy with respect to ζ. Assume
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F,G ∈ C∞(M), F |X0 ≤ 0, F |X1 ≥ 1, G|Y0 ≤ 0, G|Y1 ≥ 1 and at least one of the
functions F,G has its range in [0, 1]. Then ρF,G(0) = 1/2 and for some positive
constant C, independent of F,G, and for all s ∈ [0; ||{F,G}||]
1
2
− Cs ≤ ρF,G(s) ≤ 1
2
− s
2||{F,G}|| .
The proof of part (b) uses the fact that pb4(X0, Y0, X1, Y1) > 0 (see Re-
mark 4.16) and part (a) is based on the positivity of a similar Poisson bracket
invariant pb3(X,Y, Z) – see [14] for more details, as well as for examples where the
theorem can be applied, including an example where the lower bound in part (a) is
asymptotically sharp. For a version of Theorem 4.19 for iterated Poisson brackets
see [27].
Here is another fact concerning the C0-rigidity of Poisson brackets whose proof
uses partial symplectic quasi-states and the strong version of their partial quasi-
additivity (see Theorem 3.2). Let U = {U1, . . . , UN} be a finite cover of M by
displaceable open sets. Given a partition of unity ~F = {F1, . . . , FN} subordinated
to U (that is, suppFi ⊂ Ui for every i), consider the following measure of its
Poisson non-commutativity:
κ(~F ) := inf
x,y∈[−1,1]N
∥∥∥{
N∑
i=1
xiFi,
N∑
j=1
yjFj
}∥∥∥,
where the infimum is taken over all x = (x1, . . . , xN ), y = (y1, . . . , yN) ∈ [−1, 1]N .
Set pb(U) := inf ~F κ(~F ), where the infimum is taken over all partitions of unity ~F
subordinated to U . We say that U is dominated by an open set U ⊂M if for each
i = 1, . . . , N there exists φi ∈ Ham (M) so that Ui ⊂ φi(U).
Theorem 4.20 ([57]). Assume U is dominated by a displaceable open set U . Then
there exists a constant C = C(U) > 0 so that
pb(U) ≥ C/N2. (2)
The theorem strengthens a similar result proved previously in [28]. It is not
clear whether the inequality (2) can be improved – see [57] for a discussion.
Remark 4.21. Amazingly, Theorem 4.20 that belongs to the mathematical for-
malism of classical mechanics can be used to prove results about mathematical
objects of quantum nature appearing in the Berezin-Toeplitz quantization of a
symplectic manifold – see [56, 57, 58].
4.4. Quasi-morphisms and metric properties of Ham (M). The
groupHam (M) carries various interesting metrics. Here we will discuss how Calabi
quasi-morphisms can be used to study these metrics.
The most remarkable metric on Ham (M) is the Hofer metric. Namely, define
the Hofer norm ||φ||H of φ ∈ Ham (M) as ||φ||H = infF
∫ 1
0
(maxM Ft−minM Ft)dt,
where the infimum is taken over all (time-dependent) Hamiltonians F generating
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φ (if M is open, F is also required to be compactly supported). The Hofer metric
is defined by ̺(φ, ψ) = ||φψ−1||H . It is a deep result of symplectic topology that ̺
is a bi-invariant metric – see e.g. [47] and the references therein.
Assume Ham (M) admits a partial Calabi quasi-morphism µ. Then the stability
property of µ (see Theorem 3.1) implies that µ is Lipschitz with respect to ̺ and
therefore the diameter of Ham (M) with respect to ̺ is infinite [20]. Moreover, the
Lipschitz property of µ with respect to ̺ allows to obtain the following result on
the growth of 1-parametric subgroups of Ham (M) with respect to the Hofer norm.
Theorem 4.22 ([58], cf. [20]). Assume Ham (M) admits a partial Calabi quasi-
morphism. Then there exists a set Ξ ⊂ C∞(M) which is C0-open and C∞-dense
in C∞(M) so that lim
t→+∞
||φtF ||H
t||F || > 0 for any F ∈ Ξ.
Calabi quasi-morphisms can be also applied to the study of the metric induced
by ̺ on certain spaces of Lagrangian submanifolds of M – see [39, 63].
The group Ham (M) also carries the C0-topology: equip M with a distance
function d, given by a Riemannian metric on M , assume d is bounded, and de-
fine the C0-topology on Ham (M) as the one induced by the metric dist(φ, ψ) =
maxx∈M d(φ(x), ψ(x)). The relation between the C
0-topology and the Hofer met-
ric on Ham (M) is rather delicate (for instance, the C0-metric is never continuous
with respect to the Hofer metric). One can use the Calabi quasi-morphisms on
Ham (B2n) (see Remark 3.11) in order to construct infinitely many linearly in-
dependent homogeneous quasi-morphisms on Ham (B2n) that are both Lipschitz
with respect to the Hofer metric and continuous in the C0-topology [26]. This
yields the following corollary answering a question of Le Roux [43]:
Corollary 4.23 ([26]). For any c ∈ R the set {φ ∈ Ham (B2n) | ||φ||H ≥ c} has a
non-empty interior in the C0-topology.
See [62] for an extension of this result to a wider class of open symplectic
manifolds.
(Partial) Calabi quasi-morphisms can be also applied to the study of the norms
‖φ‖U and ‖φ‖U,0 on Ham (M) (see Section 3.1) and the metrics defined by them.
Namely, let U ⊂M be a displaceable open set. Assume Ham (M) admits a Calabi
quasi-morphism µ. A standard fact about quasi-morphisms bounded on a generat-
ing set yields that there exists a constant C = C(µ) > 0 so that ‖φ‖U,0 ≥ C|µ(φ)|
for any φ ∈ Ham (M). In particular, Ham (M) is unbounded with respect to the
norm ‖ · ‖U,0.
On the other hand, if µ : Ham (M) → R is only a partial but not genuine
Calabi quasi-morphism, it can be used to show the unboundedness of Ham (M)
with respect to the norm ‖ · ‖U [15]. Namely, assume X,Y = ϕ(X) ⊂ M , ϕ ∈
Symp 0(M), are heavy
14 disjoint15 closed subsets of M and V,W are their disjoint
14With respect to the partial symplectic quasi-state ζ associated to µ. If X is heavy with
respect to ζ, then so is ϕ(X), since ζ is Symp 0(M)-invariant.
15This is possible only if µ is not a genuine Calabi quasi-morphism, since otherwise each heavy
set (with respect to ζ) is also superheavy and therefore must intersect any other heavy set.
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open neighborhoods (for instance, X and Y can be two meridians on a standard
symplectic torus). Let F , G be smooth functions supported, respectively, in V,W
so that F |X ≡ 1 = maxM F , G|Y ≡ 1 = maxM G. One can easily show that
k = |µ(φkFφkG)− µ(φkF )− µ(φkG)| ≤ C‖φkF ‖U
for any k ∈ N and a constant C > 0 depending only on µ and U . Thus in such a
case ‖φkF ‖U grows asymptotically linearly with k and the norm ‖ ·‖U is unbounded
on Ham (M).
Question 4.24. Does there exist a closed symplectic manifold M for which ‖ · ‖U
is bounded on Ham (M)?
4.5. First steps of symplectic function theory – discussion. A
smooth manifold M and various geometric structures on it can be described in
terms of the function space C∞(M) – for instance, subsets of M correspond to
ideals in C∞(M), tangent vectors to derivations on C∞(M) etc. In particular, a
symplectic structure on M is completely determined by the corresponding Poisson
brackets on C∞(M) which means that, in principle, any symplectic phenomenon
has a counterpart in the symplectic function theory, that is, the function theory
of the Poisson brackets. The key feature of symplectic topology is C0-rigidity
appearing in various forms for smooth objects on symplectic manifolds. Its coun-
terpart in the symplectic function theory is the rigidity of the Poisson brackets
with respect to the C0-norm on functions – see e.g. [58] for a deduction of the
foundational Eliashberg-Gromov theorem on the C0-closedness of Symp(M) from
the C0-rigidity of the Poisson brackets.
The results and methods presented in this survey show that thinking about
symplectic phenomena in terms of the function theory may have a number of ad-
vantages. First, it allows to use the “Lie group - Lie algebra” connection between
H˜am (M) and C∞(M)/R: most of the properties of symplectic quasi-states are
proved using the properties of Calabi quasi-morphisms. Second, it allows to deal
with singular sets (see Remark 4.6). Third, it allows to apply functional methods,
like averaging, to Hamiltonian dynamics (see Remark 4.16). Fourth, it helps to find
connections between symplectic topology and quantum mechanics since it is the
Poisson algebra C∞(M) that is being quantized in various quantization construc-
tions (see e.g. Remark 4.21). Moreover, one may hope to discover new geometric
and dynamical phenomena by studying the function theory of the Poisson bracket.
For instance, the behavior of the profile function ρ(t) as t → 0 (see Section 4.3
and [14]) is obviously of interest in symplectic function theory but its geometric or
dynamical implications are absolutely unclear.
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